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Note : This question paper consists of two sections, Section A
and B. Attempt any four questions each from section ‘A’
and 'B'. Limit your answers within the given answer book.
B answer book will not be provided.
SECTION—A
(Short Answer Type Questions) 4x5 =20
1. Prove that on a finite a finite dimensional space norms are
equivalent.
2. Define Cauchy sequence and show that in a normed linear

Space, every convergent sequence is a Cauchy sequence.
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Prove that a non empty subset S of a normed linear space
N is bounded if and only if f(S) is a bounded set of numbers
foreach f e N*. .

Let X be a Banach space and let Y be a normed space
over the field K. If a set F of bounded linear operator from
X to Y is pointwise bounded, then prove that it is uniformly
bounded.
If {&;} is an orthonormal set in a Hilbert space H, and if x is
any vectorin H, then show thatthe set S = {ei (x.8) = 0}
is either empty or countable.
If x and y are any two vectors in a Hilbert space H, then
prove that :

[(x y)| < ixll-]y]
Prove that the adjoint operator T — T* on B{H) has the
following properties :

(@ (M +T) =T +T,

®) (T, T =T," T,

An operator T on a Hilbert space H is normal iff ;

IT* < ITxI

SECTION—B
(Long Answer Type Questions) 4x15 =60
(a) Show that the linear space e equipped with the

normal given by ;

Il = 1o 7wl8]. x = {&} € €% is a Banach space.

S-2338/4 (2)




(b) Let N be a normed linear SPaCe and x, y e N then :

U=yl <lx -yl
2. (a) Let N be a non-zero normed linear space and

S={x e N: x|l =1} be a linear subspace of N. Prove
that N is Banach space if S is complete.

{b) Let N be anormed linear space and M a subspace of
N. Then show that the closure M of M is also a
subspace of N.

3. (a} LetM be a closed linear subspace of a normed linear
space and x, a vector notin M. Then prove that there
exists functional F in N* such that :

F(M) = {0} and F(xg) = O

(b) Let B and B' be Banach spaces. If T: B — B'in
continuous linear transformation of B onto B’, then
prove that T is cpen mapping.

4. (a) Let B and B’ be Banach spaces and let T be linar
transformation of B into B". Then prove that T is
continuous mapping if and only if its graph is closed.

(b) Let X and Y be normed spaces over the field K and
T : X = Y a bounded (continuous) linear operator.

Then show that the null space N(T) is closed.
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If T is an operator on a Hilbert space H, then prove
that :
(T,.x)0 forall xwithif and only if T= 0
If M is a closed linear subspace of a Hilbert space H,
then prove that :
H=M&M
Let S be a nonempty subset of Hilbert space H. Then
prove that orthogonal complement S! is a closed
linear subspace of H.
Let L be an inner product space. Show that J(x_x)
has the properties of a norm.
If P is a projection on a Hilbert space H with range M
and null space N, then prove that M 1 N if and only if
P is self-adjoint.
If T is a normal operator on a finite dimensional Hilbert
space H, then prove that there exists an orthonormal
basis for H relative to which the matrin of T is diagonal.
Show that an arbitrary operator T on a Hilbert space
H can be uniquely expressed as T=T, +i T,
Where T, and T, are self-adjoint operators on H.
If T is an arbitrary operatoron a Hilbert space H, and
if & and B are scalars such that
jee} = 18], then show that oT + BT* is normal.
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